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There are B, different equivalence relations on a set of n distinct objects, 
where 
exp(er-1)--Z%. 
n 
If each relation has weight l/B,, and a relation selected at random, the result 
of Harper [2] is that the number of blocks in a random equivalence relation is 
asymptotically normal. We consider the related problems: how many blocks of 
size r are there in a random equivalence relation, and how large is the largest 
block? The answers are that there are roughly ar/r! blocks of size r, and that 
the largest block has size about ej3- , where pn exp(j3,J = n. 
The Stirling numbers of the second kind 
{S(n, k); 12 = 0, l).“) k = 0, I ,...) n} 
arise naturally in at least three ways: 
S(n, k) = the number of ways in which n distinct objects 
can be placed in exactly k distinct boxes, 
tea - l)“i ~ m S(n, k) x’l 
k! 
=& n! , k=O,l,-., 
xn = i S(n, k)(x),, , 
I;=0 
(1) 
(2) 
(3) 
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where (x)~ E x(x - 1) ... (X - k + 1). They satisfy the recurrence relations 
with 
From (2), 
S(n + 1, k) = kS(n, k) + S(n, k - 1) 
(4) 
S(O,O) = S(1, 1) = 1. 
where B, = C:=, S(n, k). Rota [4] gave a new formula for these B, , the 
so-called Bell numbers, showing in a most elegant manner that B, is the 
total number of partitions of a set A, of it distinct objects-this fact 
follows immediately from (1) and the definition of B, above. Because of 
the natural 1-I correspondence between partitions of A, and equivalence 
relations on A, (all elements in the same block of the partition being 
considered equivalent), B, is the number of equivalence relations on A, . 
Harper [2] used a powerful technique to prove the asymptotic normality 
of (S(n, k)}-i.e., he proved that, given any real number X, if 
and 
then 
xn S(n k) c + -+ --& s”, exp(-P/2) dt (7) 
k=O n 
(6) 
as n + co, where X, = I** + XO, . 
(7) thus states that the number of blocks in an equivalence relation 
selected at random from the collection of all equivalence relations on a set 
of n objects (i.e., each equivalence relation has probability l/B% of being 
selected) is asymptotically normally distributed. It is interesting to know 
what sizes the blocks that arise are likely to be, and, as shown below, a 
quite precise answer can be given. 
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1. PREPARATORY ASYMPTOTIC RESULTS 
We shall need asymptotic expansions of expression of the form B,JB, ; 
Moser and Wyman [3] and, independently, Binet and Szekeres [l] gave 
asymptotic expansions for B, and, since we use the same contour integra- 
tion method as these authors, we will merely state the results in the form 
we need, and give a brief sketch of the derivations. Note that the equation 
p exp(/3) = n has a unique positive root /3(n). 
LEMMA 1.1. Suppose j3 exp@) = n and /3u exp&) = n + v. Then 
where g,(p) is a polynomial. 
The series certainly converges for I v I < n(fl + 1)2/12p2. 
Sketch Proof. Fix n, and consider v as varying continuously; write 
w  = v/n, and define z by 
41 + w> = (B + 4 exp(8 + 4, 
i.e., 
w  = ez (1 + F) - 1. 
Now reverse this series by Lagrange’s formula to obtain z in terms of w, 
and find a disk of convergence. 
LEMMA 1.2. Write 
Then 
pV = fi(VN’ + o(n-“) as N ---f 00, uniformly in n. 
Proof. Straightforward. 
LEMMA 1.3. 
B, = (/TV + 1)-lj2 exp{n@ + /?-’ - 1) - 11 11 + $I ‘$ + 0 [ (+)““I 13 
where each c,(p) is a rational function. 
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Proof. This just needs more detailed treatment of the expansions of the 
integrand and Stirling’s formula in the method of, e.g., Binet and Szekeres 
PI. 
LEMMA 1.4. 
where f,(k, /3) is a polynomial in k of degree 2r with leading coe#icient 
P 
r ! 2’(p + 1)’ . 
Sketch Proof. Expand Bn+R , B, is on Lemma 1.3, and consider the 
ratio B,,,/B, as a product PI * PZ . P, of three terms, each of which can 
be expressed, using Lemma 1.2, as a sum of reciprocal powers of n with 
coefficients which are functions of k and /3. 
2. THE NUMBER OF UNIT BLOCKS 
We write A, = {a, ,..., a,}, a set of n distinct objects, and p = /?(n) is 
the unique positive root of the equation pe” = n. 
LEMMA 2.1. Let T, be the number of equivalence relations on A, which 
induce at least one block of unit size. Then 
4, = T,, + Tn-, (8) 
and hence 
T, = B, - B,-, + ... + (-l)“-lBI . (9) 
Proof. Let Q be a partition of A,-, which has at least one unit block. 
Define Q’ as that partition of A, obtained when all unit blocks of A,-, 
are amalgamated and, together with a, , made into one block. Then Q’ 
has no unit blocks. 
Conversely, given a partition P’ of A, with no unit blocks, then the 
partition P of A,-, , obtained when the block in P’ containing a, is 
selected, a, removed and the remaining split into one-element sets, 
contains at least one unit block. 
This l-1 correspondence between partitions of A,-, with at least one 
unit block and partitions of A, with no unit blocks establishes (8) since 
B, is the total number of partitions of A, . (9) follows easily from (8) 
and the fact that T, = 1. 
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LEMMA 2.2. Let J,(n) be the number of equivalence relations on A, 
which induce at least k blocks of unit size. Then 
J&z) = T, - zI ( :) Tn-r-l 
=&l(y) 
7=0 
B,-,-~ + (; ; :, ^ ;gi2 C-1)’ L-1-r . 
(11) 
Proof. From the proof of Lemma 2.1, Tnprel is the number of parti- 
tions of A,-, with no unit blocks. Hence the number of partitions of A, 
with exactly r unit blocks is (F) T,-,-l , from which (10) follows. (11) now 
follows from (10) by using (9) and elementary combinatorics. 
THEOREM 2.1. If 
k 
F- 
<h<l, __ Jdn) ---f 1 
& 
as n-co. 02) 
Jd4 ~ o 
>p>l, - 
B* 
as n--+0x. (13) 
(k, of course, may depend on n.) 
Proof. From (ll), 
But, from Lemma 2.1, B,-.I, > TnTkeI , and so 
From the definition of J*(n), if k < k’ then Jk(n) > J,*(n). Hence we need 
only establish (12) and (13) for k - A/3 and k N p/3 (0 < h < 1 < TV). 
We can take n so large that 1 k 1 < n/12 and so, by Lemma 1.1, for 
rtk 
( 1 n - 1 B,-,-, < n’ p ‘+l r B,‘r! n ( 1 
P B’- -2 =--‘--e 
n r! r! ’ 
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From (14), if 
k - W, as y1 (and so /3) - co, 
since X < 1. This establishes (12). 
Also, 
f. i” ; ‘) * = 5 (” ; ‘)p)‘-’ [l + O(n-I)] 
7=0 
= $1 +a(n-l))~o~ (1 -$(l -f) .** (1 -X) 
b e-Y1 + 0(12-l)) z. $ [ 1 - ‘(r2z 1) ] 
+l as n(andsop)+co, since p>l. 
This proves (13). 
3. THE LARGEST BLOCK 
We use the notation of Sections 1 and 2. 
LEMMA 3.1. Let I,(n) denote the number of equivalence relations on 
A,, which induce at least one block of size k. Then 
(15) 
ProoJ (n),,/(k!)‘r! is the number of ways of selecting r blocks of size 
k from A, . Hence 
is the number of partitions of A,, which have at least r blocks of size k, 
RANDOM EQUIVALENCE RELATIONS 293 
the partitions with t blocks of size k being counted (i) times. Thus the 
right-hand side of (15) counts each partition with exactly t blocks of size 
k a total of Cral(-l)r+r(:) times; but, for t > 1, this sum is just unity, 
and (15) is established. 
THEOREM 3.1. If k/e/3 < K c 1 for some constant K and all sujjiciently 
large n, then 
Zk(4 ~ 1 
& 
as n+oo. 
If k > efl for all suficiently large n, then 
Zk(4 ~ o 
B, 
as n+co. 
Proof. We shall, in fact, establish the stronger result 
Ik(n) __ = 1 - e-” + o(l), 
&L 
where a = /Y/k !. (16) and (17) are then important special cases, being 
conditions which are easy to verify under which 01+ co or cx + 0. 
From (15), provided 2s 3 01 = fi”/k !, 
If also (2s + 1)k < n/12, BlzFTk/Bn can be expanded as in Lemma 1.4 to 
establish 
[l + @n-l)] 5 (-1)r+l& (I,‘” 
T=1 
< !$Q < [l + O(rrl)] ‘zl (-ljTtl & (p)‘” 
12 r=l 
We now use whichever of the two inequalities 
(19) 
or 
(nLk > 1 _ r&k--1) 
7’ 2n 
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is appropriate on the terms of (19) to deduce that 
I1 (-l)T+-l$ + O(1) < F < 2$1 (-l)r+l$ + O(l)* n r=1 
Hence, if 2s + 3 > 01, 
1 - e-a - (2say;)! + o(l) < y  < 1 - f?-” + ,2s”y+;,! + O(l). 
n 
But 
a2* 1 ea -N- - 
(2s) ! ( ) 2l/rrs 2s 
28 ~ o 
if ea < 2s. 
Combining all our restrictions on 01 and s, we see that, if ecllk < n/12, 
z&d - = 1 - e-a + o(1). 
& 
Now 
ecllk = ekg-e&($)1, 
which attains its maximum value near k = /3 + i. The value of this 
maximum is approximately 
which, for IZ sufficiently large is always less than n/12 (since n = Be”]. Thus, 
for n sufficiently large, eak is always less than n/12, and so always (18) 
holds. (16) and (17) now follow as indicated at the beginning of this 
proof. 
4. THE NUMBER OF BLOCKS OF SIZE r 
By methods similar to the derivation of (1.5), we can show that the 
number of equivalence relations on A, which have at least k blocks of size 
r is 
(20) 
Dividing by B, to obtain the proportion of equivalence relations on A, 
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which have at least k blocks of size r, and using the usual expansion of 
B,+/B, we find that this proportion is 
k-l i 
1 - e+ C q + o(l), 
i-0 1. 
(21) 
where y = p/r!. 
Hence, if k/y < K < 1, (21) ---f 1 as n (and so y, for any fixed r) --f co, 
whereas, if k/y > ICI > 1, (21) -+ 0 as n + co. Thus, the number of 
blocks of size r is “about” /Y/r!. 
This result ties in very nicely with the theorem of Harper [2] stated in the 
introduction. We can show that the pn and an2 ((5) and (6)) have asympto- 
tic expansions 
pn = es - 1 + o(l), 
Since es - 1 = C7a1(p/r!), we see that this usual expansion of es - 1, 
the mean number of blocks, just adds together the likely number of blocks 
of size r. (!) 
As a neat conclusion, a “typical” random equivalence relation on A, 
will have about p/r! blocks of size r, and is most unlikely to have any 
blocks larger than e/3. 
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